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1. Introduction 

Several results point to deep relations between noncommutative geometry and class field theory ([2], 
[9], [18], [20]). In [2] a quantum statistical mechanical system is exhibited, with partition function 
the Riemann zeta function, and whose arithmetic properties are related to the Galois theory of the 
maximal abelian extension of Q. In [9], this system is reinterpreted in terms of the geometry of 
commensurable 1-dimensional Q-lattices, and a generalization is constructed for 2-dimensional Q- 
lattices. The arithmetic properties of this GL2-system and its KMS states at zero temperature related 
to the Galois theory of the modular field. The ground states and the Galois properties are analyzed 
in [9] for the generic case of elliptic curves with transcendental j-invariant. As the results of [9] show, 
one of the main new features of the GL2-system is the presence of symmetries by endomorphism, 
through which the full Galois group of the modular field appears as symmetries acting on the KMS 
equilibrium states of the system. 

In both the original BC system and in the GL2-system, the arithmetic properties of zero temperature 
KMS states rely on an underlying result of compatibility between adelic groups of symmetries and 
Galois groups. This correspondence between adelic and Galois groups naturally arises within the 
context of Shimura varieties. In fact, a Shimura variety is a pro-variety defined over Q, with a 
rich adelic group of symmetries. In that context, the compatibility of the Galois action and the 
automorphisms is at the heart of Langlands program. This leads us to give a reinterpretation of the 
BC and the GL2 systems in the language of Shimura varieties, with the BC system corresponding to 
the simplest (zero dimensional) Shimura variety. In the case of the GL2 system, we show how the 
data of 2-dimensional Q-lattices and commensurability can be also described in terms of elliptic curves 
together with a pair of points in the total Tate module, and the system is related to the Shimura variety 
of GL2. This viewpoint suggests considering our systems as noncommutative pro-varieties defined over 
Q, more specifically as noncommutative Shimura varieties. 

We then present our main result, which is the construction of a new system, whose arithmetic prop- 
erties fully incorporate the explicit class field theory for an imaginary quadratic field K, and whose 
partition function is the Dedekind zeta function of K. The underlying geometric structure is given 
by commensurability of 1-dimensional iiT-lattices. 

This new system can be regarded in two different ways. On the one hand, it is a generalization of 
the BC system of [2], when changing the field from Q to K, and is in fact Morita equivalent to the 
one considered in [18], but with no restriction on the class number. On the other hand, it is also a 
specialization of the GL2-system of [9] to elliptic curves with complex multiplication by K. In this 
case the ground states can be related to the non-generic ground states of the GL2-system, associated 
to points T g H with complex multiplication, and the group of symmetries is the Galois group of the 
maximal abelian extension of K. 

Here also we show that symmetries by endomorphisms play a crucial role, as they allow for the action 
of the class group 01(0), so that our results hold for any class field. Since this complex multipHcation 
(CM) case can be realized as a subgroupoid of the GL2-system, it has a natural choice of a rational 
subalgebra (an arithmetic structure) inherited from that of the GL2-system. This is crucial, in order 
to obtain the intertwining of Galois action on the values of extremal states and action of symmetries 
of the system. 
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We summarize and compare the main properties of the three systems (BC, GL2, and CM) in the 
following table. 



system 


GLi 


GL2 


CM 


partition function 


CiP) 


C(/3)C(/3 - 1) 


Ck{P) 


symmetries 




GL2(A/)/Q* 




automorphisms 


z* 


GL2(Z) 


d*/o* 


cudomorphisms 




GL+(Q) 


C\(0) 


Galois group 


Gal(Q'^VQ) 


Aut(i^) 




extremal KMSoo 


Sh{GLi,±l) 







The paper consists of two parts, with sections 2 and 3 centered on the relation of the BC and GL2 
system to the arithmetic of Shimura varieties, and sections 4 and 5 dedicated to the construction of 
the CM system and its relation to the explicit class field theory for imaginary quadratic fields. The 
two parts are closely interrelated, but can also be read independently. 

2. Quantum Statistical Mechanics and Explicit Class Field Theory 

The BC quantum statistical mechanical system [1. 2] exhibits generators of the maximal abelian 
extension of Q, parameterizing ground states (i.e. at zero temperature). Moreover, the system has 
the remarkable property that these ground states take algebraic values, when evaluated on a rational 
subalgebra of the C*-algebra of observablcs. The action on these values of the absolute Galois group 
factors through the abelianization Ga^Q^^/Q) and is implemented by the action of the idele class 
group as symmetries of the system, via the class field theory isomorphism. This suggests the intriguing 
possibility of using the setting of quantum statistical mechanics to address the problem of explicit 
class field theory for other number fields. 

In this section we recall some basic notions of quantum statistical mechanics and of class field theory, 
which will be used throughout the paper. We also formulate a general conjectural relation between 
quantum statistical mechanics and the explicit class field theory problem for number fields. 

Quantum Statistical Mechanics. 

A quantum statistical mechanical system consists of an algebra of observables, given by a unital C*- 
algcbra A, together with a time evolution, consisting of a 1-parameter group of automorphisms (Tf, 
e M), whose infinitesimal generator is the Hamiltonian of the system. The analog of a probability 
measure, assigning to every observable a certain average, is given by a state, namely a continuous 
linear functional : A ^ C satisfying positivity, (p{x*x) > 0, for all x G A, and normalization, 
ip{l) — 1. In the quantum mechanical framework, the analog of the classical Gibbs measure is given 
by states satisfying the KMS condition (c/. [13]). 

Definition 2.1. A triple {A,at,(p) satisfies the Kubo-Martin-Schwinger (KMS) condition at inverse 
temperature < /? < 00, if, for all x,y E A. there exists a bounded holom,orphic function Fx,y{z) on 
the strip < Im(z) < /3, continuous on the boundary of the strip, such that 

(2.1) F^,y{t) = ip{xat{y)) and F^,y{t + ip) = ip{atiy)x), e M. 
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We also say that is a KMS^ state for {A, at). The set fC^ of KMS^ states is a compact convex 
Choquet simplex [3, II §5] whose set of extreme points consists of the factor states. 

At temperature (/? = oo) the KMS condition (2.1) says that, for all x,y G A, the function 

(2.2) F,,y{t) = ipixc7t{y)) 

extends to a bounded holomorphic function in the upper half plane M. This implies that, in the 
Hilbert space of the GNS representation of Lp (i.e. the completion of A in the inner product (f{x*y)), 
the generator H of the one-parameter group at is a positive operator (positive energy condition). 
However, this notion of 0-temperature KMS states is in general too weak, hence the notion of KMSqo 
states that we shall consider is the following. 

Definition 2.2. A state if is a KMSoo state for {A, at) if it is a weak limit of p-KMS states for 
oo. 

One can easily see the difference between these two notions in the case of the trivial evolution at = 
id, yt G K, where any state has the property that (2.2) extends to the upper half plane (as a 
constant), while weak limits of /3-KMS states are automatically tracial states. With Definition 2.2 we 
still obtain a weakly compact convex set Eqo and we can consider the set £oo of its extremal points. 

The typical framework for spontaneous symmetry breaking in a system with a unique phase transition 
{of [12]) is that the simplex T,0 consists of a single point for /3 0c when the temperature is 

larger than the critical temperature Tc, and is non-trivial (of some higher dimension in general) when 
the temperature lowers. A (compact) group of automorphisms G C Aut(^) commuting with the time 
evolution, 

(2.3) atag = agat VgeG, teR, 

is a symmetry group of the system. Such G acts on for any (3, hence on the extreme points 
f (S/3) = £j3. The choice of an equilibrium state (p G may break this symmetry to a smaller 

subgroup given by the isotropy group = {g € G , g(p = ip}. 

The unitary group U of the fixed point algebra of at acts by inner automorphisms of the dynamical 
system {A, at), by 

(2.4) (Adu) (a) := uau* , VoS^, 

for all u G U. One can define an action modulo inner of a group G on the system (A, at) as a map 
a : G ^ Aut{A, at) fulfilling the condition 

(2.5) a{gh) a{h)-^ a{g)-^ e Inn(^, at) , yg,heG, 

i.e. , as a homomorphism of G to Aut(A, at)/U. The KMS/3 condition shows that the inner automor- 
phisms Inn(yl, at) act trivially on KMS/3 states, hence (2.5) induces an action of the group G on the 

set Yip of KMS,3 states, for < /3 < 00. 

More generally, one can consider actions by endomorphisms {cf. [9]), where an endomorphism p of the 
dynamical system {A, at) is a *-homomorphism p : A ^ A commuting with the evolution at. There 
is an induced action of p on KMS/3 states, for < /3 < 00, given by 

(2.6) p*{ip):=Z-'ipop, Z = ip{e), 
provided that (p{e) ^ 0, where e = p(l) is an idempotent fixed by at. 

An isow.etry u ^ A, u* u = 1, satisfying at{u) = A** u for all t € R and for some A G M.*^, defines 
an inner endomorphism Adu of the dynamical system {A,at), again of the form (2.4). The KMS/3 
condition shows that the induced action of Adu on S/3 is trivial, cf. [9]. The induced action (modulo 
inner) of a semigroup of endomorphisms of {A. at) on the KMS/3 states in general may not extend 
directly to KMSoo states (in a nontrivial way), but it may be defined on foo by "warming up and 
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cooling down" (c/. [9]), provided the "warming up" map Wp : £^ ^ £p\s & bijection between KMSqo 
states (in the sense of Definition 2.2) and KMS/j states, for sufficiently large (3. The map is given by 

(2.7) W^M^)(«) = ^^^^7SP' 

with H the positive energy Hamiltonian, implementing the time evolution in the representation -k^ 
associated to the extremal KMSoo state ip. 

This type of symmetries, implemented by cndomorphisms instead of automorphisms, plays a crucial 
role in the theory of superselection sectors in quantum field theory, developed by Doplicher-Haag- 
Roberts (cf.[12], Chapter IV). 

States on a C*-algebra extend the notion of integration with respect to a measure in the commutative 
case. In the case of a non-unital algebra, the multipliers algebra provides a compactification, which 
corresponds to the Stone-Ccch compactification in the commutative case. A state admits a canonical 
extension to the multiplier algebra. Moreover, just as in the commutative case one can extend inte- 
gration to certain classes of unbounded functions, it is preferable to extend, whenever possible, the 
integration provided by a state to certain classes of unbounded multipliers. 



Hubert's 12th problem. 

The main theorem of class field theory provides a classification of finite abelian extensions of a local 
or global field K in terms of subgroups of a locally compact abelian group canonically associated to 
the field. This is the multiplicative group K* = GL\{K) in the local non-archimedean case, while 
in the global case it is the quotient of the idclc class group Ck by the connected component of the 
identity. The construction of the group Ck is at the origin of the theory of idclcs and adeles. 

Hubert's f2th problem can be formulated as the question of providing an explicit description of a set 
of generators of the maximal abelian extension K""^ of a number field K and of the action of the Galois 
group Gdl{K°'^ / K) . This is the maximal abelian quotient of the absolute Galois group Gsl{K / K) of 

if, where K denotes an algebraic closure of K. 

Remarkably, the only cases of number fields for which there is a complete answer to Hilbert's 12th prob- 
lem are the construction of the maximal abelian extension of Q using torsion points of C* (Kronecker- 
Weber) and the case of imaginary quadratic fields, where the construction relies on the theory of elliptic 
curves with complex multiplication (c/. e.g. the survey [30]). 

If Kk denotes the adeles of a number field K and Jk = GLi(Aif ) is the group of ideles of K, we write 
Ck for the group of idele classes Ck = Jk /K* and Dk for the connected component of the identity 
in Ck- 

In the rest of this paper the field K will be either Q or an imaginary quadratic field Q(\/"^), for some 
positive integer d > 1. We denote by Z the profinite completion of Z and by A/ = Z (g) Q the ring 
of finite adeles of Q. For any abelian group G, we denote by Gtors the subgroup of elements of finite 
order. For any ring R, we write R* for the group of invertible elements, while R^ denotes the set of 
nonzero elements of R, which is a semigroup if R is an integral domain. We write O for the ring of 
algebraic integers of K . Wo set O ;= (O^Z) and write ^kj = Af<^qK and 1^- = ^ = GLi(A/f j). 
Note that K* embeds diagonally into Ik. The class field theory isomorphism provides the canonical 
identification 

(2.8) e : Ik/K* ^ Gal{K''''/K) , 

with K* replaced by Q*^ when K = Q. 
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Fabulous states for number fields. 

The connection between class field theory and quantum statistical mechanics can be formulated as the 

problem of constructing a class of quantum statistical mechanical systems, whose set of ground states 
£00 has special arithmetic properties, because of which we refer to such states as "fabulous states". 

Given a number field K, with a choice of an embedding if C C, the "problem of fabulous states" 
consists of constructing a C*-dynamical system {A, at), with an arithmetic subalgebra Aq of A, with 
the following properties: 

(1) The quotient group G = Ck/Dk acts on A as symmetries compatible with at- 

(2) The states (f G £oc, evaluated on elements of the arithmetic subalgebra Aq, satisfy: 

• (p{a) G K, the algebraic closure of K in C; 

• the elements of {<^(a) : a £ Ak, <f & £00} generate isT"''. 

(3) The class field theory isomorphism 

(2.9) e : Ck/Dk ^ Ga\{K''^/K) 

intertwines the actions, 

ao {p = ipo 9~^{a), 
for all a e GsAiK^^/K) and for all ip & £oo- 

In the setting described above the C*-dynamical system [A, at) together with a Q-structure compatible 
with the flow at {i.e. a rational subalgebra Aq C A such that ^((^q (8) C) = Aq C) defines a non- 
commutative algebraic (pro-) variety X over Q. The ring Aq (or ^q^C), which need not be involutive, 
is the analog of the ring of algebraic functions on X and the set of extremal KMSoo-states is the analog 
of the set of points of X. The action of the subgroup of Aut(^, at) which takes C into itself is 
analogous to the action of the Galois group on the (algebraic) values of algebraic functions at points 
oiX. 

The analogy illustrated above leads us to speak somewhat loosely of "classical points" of such a 

noncommutativc algebraic pro-variety. Wc do not attempt to give a general definition of classical 
points, while we simply remark that, for the specific construction considered here, such a notion is 
provided by the zero temperature extremal states. 

A broader type of question, in a similar spirit, can be formulated regarding the construction of quantum 

statistical mechanical systems with adclic groups of symmetries and the arithmetic properties of its 
action on zero temperature extremal KMS states. The case of the GL2-system of [9] fits into this 
general program. 

3. Q-LATTICES AND NONCOMMUTATIVE ShIMURA VARIETIES 

In this section we recall the main properties of the BC and the GL2 system, which will be useful for 
our main result. 

Both cases can be formulated starting with the same geometric notion, that of commensurability 
classes of Q-lattices, in dimension one and two, respectively. 

Definition 3.1. A Q-lattice in M" is a pair (A, (p) , with A a lattice in M", and 
(3.1) (/) : Q"/Z" — > QA/A 

a homomorphism of abelian groups. A Q-lattice is invertible if the map (3.1) is an isomorphism. Two 
Q-lattices (Ai, (f)i) and (A2, (^^2) are commensurable if the lattices are commensurable (i.e. QAi = QA2) 
and the maps (pi and (f>2 agree modulo the sum, of the lattices. 

It is essential here that one does not require the homomorphism (f) to be invertible in general. 
The set of Q-lattices modulo the equivalence relation of commensurability and considered up to scaling 
is best described with the tools of noncommutative geometry, as explained in [9]. In fact, one can first 
consider the groupoid of the equivalence relation of commensurability on the set of Q-latticcs (not up 
to scaling) . This is a locally compact etale groupoid TZ. When considering the quotient by the scaling 
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action (by 5* ~ ]R^j_ in the 1-dimensional case, or by 5 = C* in the 2-dimensional case), the algebra of 
coordinates associated to the quotient TLjS is obtained by restricting the convolution product of the 
algebra of to weight zero functions with S'-compact support. The algebra obtained this way, which 
is unital in the l-dimensional case, but not in the 2-dimensional case, has a natural time evolution 
given by the ratio of the covolumes of a pair of commensurable lattices. Every unit y £ T^*-*^-* of TZ 
defines a representation tTj, by left convolution of the algebra of TZ on the Hilbert space Hy = £'^{TZy), 
where TZy is the set of elements with source y. This construction passes to the quotient by the scaling 
action of S. Representations corresponding to points that acquire a nontrivial automorphism group 
will no longer be irreducible. If the unit y S TZ^^^ corresponds to an invertible Q-lattice, then -Ky is a 
positive energy representation. 

In both the 1-dimensional and the 2-dimensional case, the set of extremal KMS states at low tem- 
perature is given by a classical adclic quotient, namely, by the Shimura varieties for GLi and GL2, 
respectively, hence we argue here that the noncommutative space describing commensurability classes 
of Q-lattices up to scale can be thought of as a noncommutative Shimura variety, whose set of classical 
points is the corresponding classical Shimura variety. 

In both cases, a crucial step for the arithmetic properties of the action of symmetries on extremal 
KMS states at zero temperature is the choice of an arithmetic subalgebra of the system, on which 
the ground states are evaluated. Such choice gives the underlying noncommutative space a more rigid 
structure, of "noncommutative arithmetic variety". 

Tower Power. 

If V is an algebraic variety - or a scheme or a stack - over a field k, a "tower" T over V is a family Vi 
{i G 1) of finite (possibly branched) covers of V such that for any i,j € 1, there is a I G X with Vi a 
cover of Vi and Vj. Thus, X is a partially ordered set. In case of a tower over a pointed variety (V, v), 
one fixes a point Vi over v in each Vi. Even though Vi may not be irreducible, we shall allow ourselves 
to loosely refer to as a variety. It is convenient to view a "tower" T as a category C with objects 
(Yi — > V) and morphisms liom{Vi,Vj) being maps of covers of V. One has the group AutT(Vi) of 
invertible self-maps of Vi over V (the group of deck transformations) ; the deck transformations are not 
required to preserve the points Vi. There is a (profinite) group of symmetries associated to a tower, 
namely 

(3.2) g := lim.Autr(V^i)- 

The simplest example of a tower is the "fundamental group" tower associated with a (smooth con- 
nected) complex algebraic variety {V, v) and its imivcrsal covering (V, v). Let C be the category of all 
finite etale (unbranched) intermediate covers V ^ W ^ V oiV . In this case, the symmetry group G 
of (3.2) is the algebraic fundamental group of V; it is also the profinite completion of the (topological) 
fimdamental group 7ri(V,w). Simple variants of this example include allowing controlled ramification. 
Other examples of towers are those defined by iteration of self maps of algebraic varieties. 

For us, the most important examples of "towers" will be the cyclotomic tower and the modular tower. 

Another very interesting case of towers is that of more general Shimura varieties. These, however, will 
not be treated in this paper. (For a more general treatment of noncommutative Shimura varieties see 
[11]-) 

The cyclotomic tower and the BC system. 

In the case of Q, an explicit description of Q"** is provided by the Kronecker- Weber theorem. This 
shows that the field Q"*" is equal to Q'^^'^, the field obtained by attaching all roots of unity to Q. 
Namely, Q"^ is obtained by attaching the values of the exponential function exp{2-Kiz) at the torsion 
points of the circle group R/Z. Using the isomorphism of abelian groups Q^o^s — Q/^ the 
identification Aut(Q/Z) = GLi(Z) = Z*, the restriction to Qt*^^^ of the natural action of Gal(Q/Q) 
on Q* factors as 

Gal(Q/Q) ^ GaKQ/Q)""^ = Ga^Q-^VQ) ^ 
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Geometrically, the above setting can be understood in terms of the cyclotomic tower. This has base 
Spec Z = Vi. The family is Spec Z[(^„] = Vn where is a primitive n-th root of unity {n E N*). 
The set Hom (Vm — > Vn), non-trivial for n\m, corresponds to the map Z[^„] ^ Z[C„i] of rings. The 
group Aut(V^) = GLi(Z/nZ) is the Galois group Gal(Q(C„)/Q). The group of symmetries (3.2) of 
the tower is then 

(3.3) a = limGLi(Z/nZ) = GLi(Z), 

n 

which is isomorphic to the Galois group Gal(Q"''/Q) of the maximal abelian extension of Q. 

The classical object that we consider, associated to the cyclotomic tower, is the Shimura variety given 

by the adelic quotient 

(3.4) Sh{GU, {±1}) = GLi(Q)\(GLi(Aj) x {±1}) = A}/Q;. 

Now we consider the space of l-dimensional Q-lattices up to scaling modulo commensurability. This 

can be described as follows ([9]). 

In one dimension, every Q-lattice is of the form 

(3.5) (A,(A) =(AZ,Ap), 

for some A > and some p £ Hom(Q/Z, Q/Z). Since we can identify Hom(Q/Z, Q/Z) endowed with 
the topology of pointwise convergence with 

(3.6) Hom(Q/Z, Q/Z) = limZ/nZ = Z , 

n 

we obtain that the algebra C(Z) is the algebra of coordinates of the space of l-dimensional Q-lattices 
up to scaling. The group Z is the Pontrjagin dual of Q/Z, hence we also have an identification 

C(Z) = C*(Q/Z). 

The group of deck transformations 5 = Z* of the cyclotomic tower acts by automorphisms on the 
algebra of coordinates C(Z). In addition to this action, there is a semigroup action of = Z>o 
implementing the commensurability relation. This is given by endomorphisms that move vertically 
across the levels of the cyclotomic tower. They are given by 

(3.7) c^n{mp)^f{n-'p), VpenZ. 

Namely, a„ is the isomorphism of C(Z) with the reduced algebra C(Z)^^ by the projection 7r„ given 
by the characteristic function of nZ C Z. Notice that the ac;ti(m (3.7) cannot be restricted to the set 
of invertible Q-lattices, since the range of 7r„, is disjoint from them. 

The algebra of coordinates Ai on the noncommutative space of equivalence classes of l-dimensional 
Q-lattices modulo scaling, with respect to the equivalence relation of commensurability, is given then 
by the semigroup crossed product 

(3.8) ^ = C(Z)x„N^. 

Equivalently, we are considering the convolution algebra of the groupoid TZi/M*^ given by the quotient 
by scaling of the groupoid of the equivalence relation of commensurability on l-dimensional Q-lattices, 
namely, T^-i/R^ has as algebra of coordinates the functions f{r,p), for p e Z and r e Q* such that 
rp e Z, with the convolution product 

(3.9) /i * /2 (r,p) =Y,h{rs-\sp)f2{s,p), 
and the adjoint f*{r,p) = f{r~^,rp). 

This is the C*-algebra of the Bost-Connes (BC) system [2]. It was originally defined as a Hecke 
algebra for the almost normal pair of solvable groups C Pq , where P is the algebraic ax + b group 
and P+ is the restriction to a > (c/. [2]). It has a natural time evolution at determined by the 
regular representation of this Hecke algebra, which is of type IIIi. The time evolution depends upon 
the ratio of the lengths of P^ orbits on the left and right cosets. 
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As a set, the space of commensurabihty classes of 1-dimensional Q-lattices up to scaling can also be 
described by the quotient 

(3.10) GLi(Q)\AVK; = GLi(Q)\(A/ x {±1}), 

where A' := Ay xM* is the set of adclcs with nonzero archimcdean component. Rather than considering 
this quotient set theoretically, we regard it as a noncommutative space, so as to be able to extend to 
it the ordinary tools of geometry that can be applied to the "good" quotient (3.4). 
The noncommutative algebra of coordinates of (3.10) is the crossed product 

(3.11) Co(Aj) X q;. 

This is Morita equivalent to the algebra (3.8). In fact, (3.8) is obtained as a full corner of (3.11), 

C(Z) xNX = (Co(A/) xQ;)^, 

by compression with the projection tt given by the characteristic fimction of Z C Ay (c/. [17]). 

The quotient (3.10) with its noncommutative algebra of coordinates (3.11) can then be thought of as 
the noncommutative Shimura variety 

(3.12) Sh^^'\GU, {±1}) := GLi(Q)\(A/ x {±1}) = GLi(Q)\A7M;, 

whose set of classical points is the well behaved quotient (3.4). 
This has a compactification, obtained by replacing A' by A, as in [7] , 



(3.13) Sh(^^){GLi, {±1}) = GLi(Q)\A/IR;. 

The compactification consists of adding the trivial lattice (with a possibly nontrivial Q-structure) . 
One can also consider the noncommutative space dual to (3.13), under the duality given by taking 
the crossed product by the time evolution. This is the noncommutative space that gives the spectral 
realization of the zeros of the Riemann zeta function in [7]. It is a principal 1R!]_ -bundle over the 

noncommutative space 

(3.14) GLi(Q)\A/M;. 



Arithmetic structure of the BC system. 

The results of [2] show that the Galois theory of the cyclotomic field Q"^*"^' appears naturally in the 
BC system when considering the action of the group of symmetries of the system on the extremal 
KMS states at zero temperature. 

In the case of 1-dimcnsional Q-latticcs up to scaling, the algebra of coordinates C(Z) can be regarded 
as the algebra of hom,ogeneous functions of weight zero on the space of 1-dimensional Q-lattices. As 
such, it has a natural choice of an arithmetic subalgebra. 

This is obtained in [9] by considering functions on the space of 1-dimensional Q-lattices of the form 

(3.15) ei,a(A,</))= y~^' 

y£A+4,{a) 

for any a £ Q/Z. This is well defined, for (j){a) ^ 0, using the summation limjv^oo J2-n- numbers. 
One can then form the weight zero functions 

(3.16) ei,a:=cei,a, 

where c(A) is proportional to the covolume |A| and normalized so that (27r\/^)c(Z) = 1. One 

considers the rational subalgebra Ai.q of (3.8) generated by the fimctions (3i.a(r, p) := ei^aip) and by 
the functions iJLn{i', p) = 1 for r = n and zero otherwise, that implement the semigroup action of 
in (3.8). 

As proved in [9], the algebra .4i,q is the same as the rational subalgebra considered in [2], generated 
over Q by the /z„ and the exponential functions 

(3.17) e(r)(p) := exp(27rzp(r)), for p e Hom(Q/Z, Q/Z), and r e 
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with relations e(r + s) = e(r)e(s), e(0) — 1, e(r)* = e(— r), /i*/i„ = 1, iJ,kl^n = l^km and 

(3.18) l^ne{r)i^l = - Yl ^(s). 

ns=r 

The C*-completion of ^i,q (g) C gives (3.8). 

The algebra (3.8) has irreducible representations on the Hilbert space Ti = £'^{N^), parameterized 
by elements a e Z* = GLi(Z). Any such element defines an embedding a : Q'^^^^ ^ C and the 
corresponding representation is of the form 

(3.19) 7ra(e(r))efc = a(C^')efe T^ail^n) = >^nk- 

The Hamiltonian implementing the time evolution at on Ti is of the form H Ck = log k €k and the 
partition function of the BC system is then the Riemann zeta function 

oo 

Z{P) = Tr{e-^")=Y^k-'' = Cm. 

k=l 

The set of extremal KMS-states of the BC system enjoys the following properties (c/. [2]): 

• = /C/3 is a singleton for all < /3 < 1. This unique KMS state takes values 

ip0{e{m/n)) = /_/3+i(n)//i(n), 

where 

fk{n)=Y,l^id){n/df, 

d\n 

with fj, the Mobius function, and /i is the Euler totient function. 

• For 1 < 6 < oc', elements of are indexed by the classes of invertible Q-lattices p G Z* = 
GLi(Z), hence by the classical points (3.4) of the noncommutative Shimura variety (3.12), 

(3.20) £0 ^ GLi(Q)\GLi(A)/R; = Cq/Dq ^ Iq/Q*+. 

In this range of temperatures, the values of states ipij^p G Ef} on the elements e(r) G ^i,Q 
is given, for 1 < /3 < oo by polylogarithms evaluated at roots of unity, normalized by the 
Riemann zeta function, 

-J oo 

• The group GLi(Z) acts by automorphisms of the system. The induced action of GLi(Z) on 
the set of extreme KMS states below critical temperature is free and transitive. 

• The vacuum states (/? = oo) are fabulous states for the field if = Q, namely ip{Ai^q) C Q''^'^' 
and the class field theory isomorphism 6 : Gal(Q'^^'^'/Q) ~* ^* intertwines the Galois action 
on values with the action of Z* by symmetries, 

(3.21) -i^{x) = ^{e{-i)x), 

for all (/? e foo, for all 7 G Gal(Q'=J'<=7Q) and for all x e ^i,q. 

The modular tower and the GL2-system. 

Modular curves arise as moduli spaces of elliptic curves endowed with additional level structure. Every 

congruence subgroup F' of F = SL2(Z) defines a modular curve Yt'; we denote by Xyi the smooth 
compactification of the affine curve Fp' obtained by adding cusp points. Especially important among 
these are the modular curves Y{n) and X{n) corresponding to the principal congruence subgroups 
F(n) for n G N*. Any Xr' is dominated by an X{n). We refer to [15, 29] for more details. We have 
the following descriptions of the modular tower. 
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Compact version: The base isV — P^ over Q. The family is given by the modular curves X{n), consid- 
ered over the cyclotomic field Q(Cn) [23]. We note that GL2(Z/nZ)/±l is the group of automorphisms 
of the projection Vn = X{n) — > X{1) — Vi ~ V. Thus, we have 

(3.22) g = GL2(Z)/±1 = limGL2(Z/nZ)/{±l}. 

n 

Non- compact version: The open modular curves Y[n) form a tower with base the j-line Spec = 
= Vi — {oc}. The ring of modular functions is the union of the rings of functions of the Y{n), with 
coefficients in Q(:^„) [15]. 

This shows how the modular tower is a natural geometric way of passing from GLi(Z) to GL2(Z). 
The formulation that is most convenient in our setting is the one given in terms of Shimura varieties. 
In fact, rather than the modular tower defined by the projective limit 

(3.23) r = limy(n) 

n 

of the modular curves Y{n), it is better for our purposes to consider the Shimura variety 

(3.24) 5/i(H±, GL2) = GL2(Q)\(GL2(A/) x H±) = GL2(Q)\GL2(A)/C*, 

of which (3.23) is a connected component. In fact, it is well known that, for arithmetic purposes, it is 
always better to work with nonconnected rather than with connected Shimura varieties (c/. e.g. [23]). 
The simple reason why it is necessary to pass to the nonconnected case is the following. The varieties 
in the tower are arithmetic varieties defined over number fields. However, the number field typically 
changes along the levels of the tower (F(n) is defined over the cyclotomic field Q(Cn))- Passing to 
nonconnected Shimura varieties allows precisely for the definition of a canonical model where the 
whole tower is defined over the same number field. 

This distinction is important to our viewpoint, since we want to work with noncommutative spaces 
endowed with an arithmetic structure, specified by the choice of an arithmetic subalgebra. 
Every 2-dimensional Q-lattice can be described by data 

(3.25) (A, 0) = (A(Z + Zz), Xa), 

for some A G C*, some z G H, and a G Af2(Z) (using the basis (1, — z) of Z + Zz as in (87) [9] to view 
a as a map </>). The diagonal action of F = SL2(Z) yields isomorphic Q-lattices, and (c/. (87) [9]) the 
space of 2-dimensional Q-lattice up to scaling can be identified with the quotient 

(3.26) r\(M2(Z) X H). 

The relation of commensurability is implemented by the partially defined action of GLj (Q) on (3.26). 

The groupoid 7^.2 of the commensurability relation on 2-dimensional Q-lattices not up to scaling {i.e. 
the dual space) has as algebra of coordinates the convolution algebra of F x F-invariant functions on 

(3.27) U = {{g, a, u) G GL+(Q) x M2(Z) x GL+(M) | ga G M2(Z)}. 
Up to Morita equivalence, this can also be described as the crossed product 

(3.28) Co(M2(A/) X GL2(M)) x GL2(Q). 
When we pass to Q-lattices up to scaling, we take the quotient 1^2 /'C*. 

If {Ak,4'k) k = 1,2 are a pair of commensurable 2-dimensional Q-lattices, then for any A e C*, the 
Q-lattices (AAfe,A^fc) are also commensurable, with 

r{g, a, uX) = X~^r{g, a, u). 

However, the action of C* on Q-lattices is not free due to the presence of lattices L = (0,2:), where 
z G T\M. has nontrivial automorphisms. 

Thus, the quotient Z = 1^2 /C* is no longer a groupoid. This can be seen in the following sim- 
ple example. Consider the two Q-lattices (q:i,zi) = (0, 2«) and (0:2,22) = (0, i). The composite 
((«!, zi), {a2, Z2)) o {{a2, Z2), («!, zi)) is equal to the identity ((ai, zi), (ai, zi)). We can also consider 
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the composition {i{ai, Zi), i{a2, Z2)) o ((a2) Z2), (cci, ^i)), where i{a2, Z2) = (0:2, Z2), but this is not the 
identity, since i{a\,z\) 7^ {a\,z{). 

However, wc can still consider the convolution algebra of Z, by restricting the convolution product of 
TZ2 to homogeneous functions of weight zero with C*-compact support, where a function / has weight 
k if it satisfies 

f{g,a,u\)=X''f{g,a,u), VA G C*. 

This is the analog of the description (3.8) for the 1-dimensional case. The noncommutative algebra 
of coordinates A2 is thus given by a Hecke algebra of functions on 

(3.29) U = {{g, a, z) e GL+(Q) x M2(Z) x H, 5a e M2(Z)} 
invariant under the F x F action 

(3.30) {g,a,z) ^ (7lfi'72'^ 720,72(2:)), 
with convolution 

(3.31) {f,*f2)ig,a,z)= Yl h{gs-\sa,s{z)) f2{s,a,z) 

s6r\GL+(Q), sa6M2(Z) 



and adjoint f*{g,a,z) = f{g~^,ga,g{z)). This contains the classical Hecke operators (c/. (128) [9]). 
The time evolution determined by the ratio of covolumes of pairs of commensurable Q-lattices is given 
by 

(3.32) at{f){g, a, r) = det{gffig, a, r), 

where, for the pair of commensurable Q-lattices associated to {g, a, r), one has 

(3.33) det{g) = covolume(A')/covolume(A). 

We now give a description closer to (3.11), which shows that again we can interpret the space of 
commensurability classes of 2-dimensional Q-lattices up to scaling as a noncommutative version of 
the Shimura variety (3.24). More precisely, we give a reinterpretation of the notion of 2-dimensional 
Q-lattices and commensurability, which may be useful in generalising our work to other Shimura 
varieties. 

Implicit in what follows is an isomorphism between Q/Z and the roots of unity /^(C) in C; for instance, 
this could be given by the exponential function e^'^". 

Proposition 3.2. The data of a 2-dimensional Q-lattice up to scaling are equivalent to the data of an 
elliptic curve E, together with a pair of points ^ = (^1,^2) in the cohomology H^{E,1,). Commensu- 
rability of 2-dimensional Q-lattices up to scale is then implemented by an isogeny of the corresponding 

elliptic curves, with the elements ^ and ^' related via the induced map in cohomology. 

Proof. The subgroup QA/A oi C/A — E is the torsion subgroup Eior of the elliptic curve E. Thus, 
one can rewrite the map </> as a map Q^/Z^ ^ Etor- Using the canonical isomorphism E[n] —^ 
H^{E,Z/nZ), for E[n] = A/nA the n-torsion points of E, one can interpret ^ as a map Q^/Z^ — > 
H\E, Q/Z). 

By taking Hom(Q/Z, — ), the map (j) corresponds to a Z-linear map 

(3.34) Z©Z^ F^(£',Z), 

or to a choice of two elements of the latter. In fact, we use here the identification H^{E,Z) = TE, 
where TE is the total Tate module 

(3.35) A(g)Z = lim£[n] =T£, 

n 

SO that (3.34) gives a cohomological formulation of the Z-linear map 0:Z©Z^A(8)Z. Commen- 
surability of Q-lattices up to scale is rephrased as the condition that the elliptic curves are isogenous 
and the points in the Tate module are related via the induced map in cohomology. 

□ 
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Another reformulation uses the Pontrjagin duality between profinite abelian groups and discrete tor- 
sion abelian groups given by Hom(— , Q/Z). This reformulates the datum (pot a. Q-lattice as a Z-linear 
map Hom(QA/A, Q/Z) ^ Z ® Z, which is identified with A (g) Z ^ Z ® Z. Here we use the fact that 
A and A (g) Z = H^{E,Z) are both self-dual (Poincare duality of E). In this dual formulation com- 
mensurability means that the two maps agree on the intersection of the two commensurable lattices, 

(Ai n A2) o z. 

With the formulation of Proposition 3.2, can then give a new interpretation of the result of Proposition 
43 of [9], which shows that the space of commensurability classes of 2-dimensional Q- lattices up to 
scaling is described by the quotient 

(3.36) S'/i("'=)(H±, GL2) := GL2(Q)\(M2(A/) x e±). 

In fact, the data (A, cj)) of a Q-lattice in C are equivalent to data {E,r]) of an elliptic curve E = C/A 
and an Aj-homomorphism 

(3.37) r?:Q^(gA/ ^ AoA/, 

with A(g)A/ = (A ig) Z) ® Q, where we can identify A (g) Z with the total Tate module of iS, as in (3.35). 
Since the Q-lattice need not be invertible, we do not require that r] be an Ay^-isomorphism (c/. [23]). 

The commensurability relation between Q-lattices corresponds to the equivalence {E,r]) ^ {E',r]') 
given by an isogeny g : E E' and 77' = (g (g 1) o 77. Namely, the equivalence classes can be identified 
with the quotient of M2(A/) x IHI='= by the action of GL2(Q), (p, z) ^ {gp,g{z))- 

Thus, (3.36) describes a noncommutative Shimura variety which has the Shimura variety (3.24) as the 
set of its classical points. The results of [9] show that, as in the case of the BC system, one recovers 
the classical points from the low temperature extremal KMS states. We shall return to this in the 
next section. 

In this case, the "compactification" , analogous to passing from (3.10) to (3.14), corresponds to the 
replacing (3.36) by the noncommutative space 

(3.38) 'Sh^{W^,GU) ■■= GL2(Q)\(M2(A/) x V\C)) - GL2(Q)\M2(A)/C*. 

This corresponds to allowing degenerations of the underlying lattice in C to a pseudolattice (c/. [20]), 
while maintaining the Q-structure (c/. [9]). The "invertible part" 

(3.39) GL2(Q)\(GL2(A/) x pi(R)) 

of the "boundary" gives the noncommutative modular tower considered in [8], [22], and [26], so 
that the full space (3.38) appears to be the most natural candidate for the geometry midcrlying the 
construction of a quantum statistical mechanical system adapted to the case of both imaginary and 
real quadratic fields (c/. [20] [21]). 

In the case of the classical Shimura varieties, the relation between (3.24) and (3.4) is given by "passing 
to components", namely we have (c/. [23]) 

(3.40) 7ro(5/i(GL2,H±)) = 5/i(GLi, {±1}). 

In fact, the operation of taking connected components of (3.24) is realized by the map 

(3.41) sign X det : 5/i(GL2,H±) ^ ^^.(GLi, {±1}). 

Arithmetic properties of the GL2-system. 

The result proved in [9] for the GL2-system shows that the action of symmetries on the extremal KMS 
states at zero temperature is now related to the Galois theory of the field of modular functions. 

Since the arithmetic subalgebra for the BC system was obtained by considering weight zero lattice 
functions of the form (3.16), it is natural to expect that the analog for the GL2-system will involve 

lattice functions given by the Eisenstein scries, suitably normalized to weight zero, according to the 
analogy developed by Kronecker between trigonometric and elliptic functions, as outlined by A.Weil 
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in [31]. This suggests that modular functions should appear naturally in the arithmetic subalgebra 

A2,Q of the GL2-system, but that requires working with unbounded multipliers. 

This is indeed the case for the arithmetic subalgebra -42.Q defined in [9], which we now recall. 

Let F be the modular field, namely the field of modular functions over Q'*'' (c/. e.g. [19]). This is the 

union of the fields Fn of modular functions of level A'' rational over the cyclotomic field Q{Cn), that 

is, such that the g-expansion at a cusp has coefficients in the cyclotomic field Q(Cjv)- 

The action of the Galois group Z* ~ Gal(Q"''/Q) on the coefficients of the g'-expansion determines a 
homomorphism 

(3.42) cycl : Z* ^ Aut{F). 
If / is a continuous functions on Z = 7^2 /C*, we write 

I(g,c,){z) = .f{g,a,z) 

so that /(g,a) G C(IHI). For pN : M2(Z) — > M2(Z/iVZ) the canonical projection, we say that / is of 
level N if ' 

Then / is completely determined by the functions 

e C(]H[), for m e Nhi'L/N'L). 

Notice that the invariance f{g^,a,z) = f{g,ja,j{z)), for all 7 S F and for all {g,a,z) € U, implies 
that /(g,m)|7 = /(s.m)) for all 7 e T{N) n g~^Tg, i.e. f is invariant under a congruence subgroup. 
The arithmetic algebra .42, q defined in [9] is a subalgebra of continuous functions on Z = 7?.2/C* with 
the convolutions product (3.31) and with the properties; 

• The support of / in F\GL+(Q) is finite. 

• The function / is of finite level with 

f{g,m)^F \/{g,m). 

• The function / satisfies the cyclotomic condition: 

f{g,a{u)m) = Cycl(u) f{g,m), 

for all g e GLj (Q) diagonal and all u e Z* , with 
and cycl as in (3.42). 

Here F is the modular field, namely the field of modular functions over Q"*". This is the union of the 
fields Fjv of modular functions of level A'' rational over the cyclotomic field Q(Cjv)- 
The cycloomic condition is a consistency condition on the roots of unity that appear in the coefficients 
of the g-series, which allows for the existence of "fabulous states" (c/. [9]). 

For a e M2(Z), let Ga C GL^(Q) be the set of 

Ga = {ge GL+(Q) : ga € M2(Z)}. 

Then, as shown in [9], an element y = (a, z) € M2(Z) x H determines a unitary representation of the 
Hccke algebra A on the Hilbert space £'^{r\Ga), 

(3.43) ((%/)0(5):= E f{9s-\sa,s{z))as), S G„ 

ser\G„ 

tov f eAa.nd^ee'^{^\Ga)■ 
lnyeTtih\e Q-lattices determine positive energy representations, due to the fact that the condition 

ga G Af2(Z) for g G GLjJ'(Q) and a G GL2(Z) (invertible case) implies g G M2(Z)+, hence the time 
evolution (3.32) is implemented by the positive Hamiltonian with spectrum {logdet(m)} C [0, 00) for 
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TO e r\M2(Z) + . The partition function of the GL2-system is then Z{P) = C{P)C{P — 1), which shows 
that one can expect the system to have two phase transitions, which is in fact the case. 

While the group GL2 (Z) acts by automorphisms of the algebra of coordinates of TZ2 /C* , i.e. the algebra 
of the quotient (3.36), the action of GL2(A/) on the Hecke algebra A2 of coordinates of 7^2/C* is by 
endomorphisms. More precisely, the group GL2(Z) of deck transformations of the modular tower still 
acts by automorphisms on this algebra, while GL2 (Q) acts by endomorphisms of the C*-dynamical 
system, with the diagonal Q* acting by inner, as in (2.5). 

The group of symmetries GL2(A/) preserves the arithmetic subalgebra. In fact, the group Q*\GL2(A/) 
has an important arithmetic meaning: a result of Shimura (c/. [29], [19]) characterizes the automor- 
phisms of the modular field by the exact sequence 

(3.44) ^ Q* ^ GL2(A/) ^ Aut{F) 0. 

There is an induced action of Q*\GL2(A/) (symmetries modulo inner) on the KMS/j states of {A, dt), 
for (3 < 00. The action of GL2(Z) extends to KMSoo states, while the action of GLJ(Q) on Soo is 
defined by the action at finite (large) (3, by first "warming up" and then "cooling down" as in (2.7) 
{cf. [9]). 

The result of [9] on the structure of KMS states for the GL2 system is as follows. 

• There is no KMS state in the range < /3 < 1. 

• In the range (3 > 2 the set of extremal KMS states is given by the invertible Q-lattices, namely 
by the Shimura variety Sh{GL'2,M^), 

(3.45) ^ GL2(Q)\GL2(A)/C*. 
The explicit expression for these extremal KMS/j states is 

(3.46) ^^_^(/) = J_ ^ /(l,TOa,m(z))det(TO)-'^ 

mer\M+(z) 

where L = {a, z) is an invertible Q-lattice. 

• At /3 = 00, and for generic L = (a,T) invertible (where generic means 7(r) ^ Q), the values 
of the state (poo,L G £00 on elements of ^2,Q fie in an embedded image in C of the modular 
field, 

(3.47) ^(^2,q) C Fr, 
and there is an isomorphism 

(3.48) : AutqiFr) ^ Q*\GL2(A/), 

depending on L = (a, r), which intertwines the Galois action on the values of the state with 
the action of symmetries, 

(3.49) l^{f)=vKil)f), V/e^2,Q, V7eAutQ(F,). 

4. Quantum statistical mechanics for imaginary quadratic fields 

In the Kronecker-Weber case, the maximal abelian extension of Q is generated by the values of the 

exponential function at the torsion points Q/Z of the group C/Z = C*. Similarly, it is well known 
that the maximal abelian extension of an imaginary quadratic field K is generated by the values of a 
certain analytic function, the Weierstrass p-function, at the torsion points Etors of an elliptic curve 
and contains the ^'-invariant j{E) of the elliptic curve. Namely, in this case, the theory of complex 
multiplication of elliptic curves provides a description of K°-^. The ideal class group C\{0) is naturally 
isomorphic to Gal{H/K), where H = K{j{E)) is the Hilbert class field of K, i.e. , its maximal abelian 
unramified extension. In the case that Cl{0) is trivial, the situation of the CM case is exactly as for 
the field Q, with 6* replacing Z*. 
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The construction of BC [2] was partially generalized to other global fields {i.e. number fields and 
function fields) in [18, 14, 4]. The construction of [14] involves replacing the ring O of integers of K 
by a localized ring Os which is principal and then taking a cross product of the form 

(4.1) C*{K/Os) >iO^ 

where is the sub semi-group of K* generated by the generators of prime ideals of Os. The 
symmetry group is Og and does not coincide with what is needed for class field theory except when 
the class number is 1. The construction of [4] involves a cross product of the form 

(4.2) C*{K/0) XI J+ 

where J+ is a suitable adelic lift of the quotient group Ik/O*. It gives the right partition fmiction 
namely the Dedekind zeta function but not the expected symmetries. The construction of [18] involves 
the algebra 

(4.3) C*{K/0) yiO""^ C{6) xi 

and has symmetry group O* , while what is needed for class field theory is a system with symmetry 
group 1k/K*. As one can see from the commutative diagram 

1 ^ d*/0* ^ Ik/K* > G\{0) > 1 

(4.4) ^ ^ ^ 

1 > GsA{K''^/H) > G8\{K''^/K) ^ Gal{H/K) ^ 1, 

the action of O* is sufficient only in the case when the class number is one. In order to avoid the 
class number one restriction in extending the results of [2] to imaginary quadratic fields, it is natural 
to consider the universal situation: the moduli space of elliptic curves with level structure, i.e. , the 
modular tower. Using the generalization of the BC case to GL2 constructed in [9], we will describe 
a system, which does in fact have the right properties to recover the explicit class field theory of 
imaginary quadratic fields from KMS states. It is based on the geometric notions of if -lattice and 
commensurability and extends to quadratic fields the reintcrpretation of the BC system which was 
given in [9] in terms of Q-latticcs. The system we obtain in this section is, in fact, Morita equivalent to 
the one of [18]. The two main new ingredients in our construction are the choice of a natural rational 
subalgebra on which to evaluate the KMSoo states and the fact that the group of automorphisms 
O* /O* should be enriched by further symmetries, this time given by endomorphisms, so that the 
actual group of symmetries of the system is exactly Ik / K* . 

ii'-lattices and commensurability. 

In order to compare the BC system, the GL2 system and the CM case, we give a definition of K- 
lattices, for K an imaginary quadratic field. The quantum statistical mechanical system we shall 
construct to recover the explicit class field theory of imaginary quadratic fields will be related to 
commensurability of 1-dimensional fsT-lattices. This will be analogous to the description of the BC 
system in terms of commensurability of 1-dimensional Q-lattices. On the other hand, since there is a 
forgetful map from 1-dimensional K-lattices to 2-dimensional Q-lattices, we will also be able to treat 
the CM case; as a specialization of the GL2 system at CM points. 

Let O = Jj + Zr be the ring of integers of an imaginary quadratic field K = Q(t): fix the imbedding 
if C so that r G H. Note that C then becomes a if-vector space and in particular an O-module. 
The choice of r as above also determines an imbedding 

(4.5) Qr-K^ M2(Q). 

The image of its restriction q^- : K* ^ GLj (Q) is characterized by the property that (c/. [29] 
Proposition 4.6) 

(4.6) qr{K*) = {geGL+{q): <?(r) = r}. 
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For g = qr{x) with x G K* ^ we have det(g) = 11(2;), where n : K* — > Q* is the norm map. 

Definition 4.1. For K an imaginary quadratic field, a 1- dimensional K-lattice {A,(j)) is a finitely 
generated O-submodule A c C, such that A 0© K = K, together with a morphism of O-modules 

(4.7) (}) : K/O KA/A. 

A 1-dimensional K-lattice is invertible if 4> is an isomorphism of O-modules. 

Notice that in the definition we assume that the O-module structure is compatible with the embeddings 
of both O and A in C. 

Lemma 4.2. A 1-dimensional K-lattice is, in particular, a 2-dimensional Q-lattice. Moreover, as an 

O -module, A is projective. 

Proof. First notice that KA = QA, since QO = K. This, together with A 1^0 K ^ K, shows that the 
Q-vector space QA is 2-dimensional. Since RA = C, and A is finitely generated as an abelian group, 
this shows that A is a lattice. The basis {1, r} provides an identification of K/O with Q^/Z^, so that 
we can view ^ as a homomorphism of abelian groups <j) : Q^/Z^ QA/A. The pair (A, cj)) thus gives 
a two dimensional Q-lattice. 

As an C-module A is isomorphic to a finitely generated O-submodule of K, hence to an ideal in O. 
Every ideal in a Dedekind domain O is finitely generated projective over O. 

□ 

The elliptic curve E = C/A has complex multiplication by K, namely there is an isomorphism 

(4.8) l: K ^ End{E) ® Q. 

In general, for A a lattice in C, if the elliptic curve E = C/A has complex multiplication (i.e. there is 
an isomorphism (4.8) for K an imaginary quadratic field), then the endomorphisms of E are given by 
End(£') = 0\, where Oa is the order of A, 

(4.9) Oa = {x€K : xAc A}. 

Notice that the elliptic curves E = C/A, where A is a 1-dimensional ii'-lattice, have Oa = O, the 
maximal order. The number of distinct isomorphism classes of elliptic curves E with End(-E) = O 
is equal to the class number Hk- All the other elliptic curves with complex multiplication by K are 
obtained from these by isogenics. 

Definition 4.3. Two 1-dimensional K-lattices (Ai,(/>i) and (A2,(/>2) are commensurable if KAi = 

KA2 and (j)i = (j)2 m,odulo Ai + A2. 

One checks as in the case of Q-lattices (c/. [9]) that it is an equivalence relation. 

Lemma 4.4. Two 1-dimensional K-lattices are commensurable iff the underlying Q-lattices are com- 
mensurable. Up to scaling, any K-lattice A is equivalent to a K-lattice A' = AA c X c C. The latter 
is unique modulo K*. 

Proof. The first statement holds, since for 1-dimensional if -lattices we have KA = QA. For the 
second statement, the i^T-vector space KA is 1-dimensional. If ^ is a generator, then ^~^A c K. The 
remaining ambiguity is only by scaling by elements in K*. 

□ 

Proposition 4.5. For invertible 1-dimensional K-lattices, the element of Ko{0) associated to the 
O-module A is an invariant of the commensurability class up to scaling. 

Proof. Two invertible 1-dimensional if-lattices that are commensurable are in fact equal. The same 
holds for lattices up to scaling. Thus, the corresponding O-module class is well defined. 

□ 
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There is a canonical isomorphism Kq{0) = Z + 01(0) (c/. Corollary 1.11, [24]), where the Z part is 
given by the rank, which is equal to one in our case, hence the invariant of Proposition 4.5 is the class 
in 01(0). 

In constrast to the Proposition above, every 1-dimensional if-lattice is commensurable to a /sT-lattice 
whose O-module structure is trivial. This follows, since every ideal in O is commensurable to O. 

Proposition 4.6. The data (A, (j)) of a 1-dimensional K -lattice are equivalent to data {p, s) of an 
element p G O and s G A'^/K*, modulo the action of O* given by {p,s) i— > {x~^p,xs). Thus, the 
space of 1-dimensional K-lattices is given by 



(4.10) 



Proof The O-module A can be described in the form Ag — s^[sfO n K), where s — (sj, St^j) € 
This satisfies Aks = As for all k <E (O* x 1) K* C A^. Indeed, up to scaling. A can be identified with 
an ideal in O. These can be written in the form SfOnK {cf. [29] §5.2). If A^ = A^/, then s'^s^ G K* 
and one is reduced to the condition s/O f\K = s'^O fl K, which implies s'^s'j^ € O*. The data (j) of 
the 1-dimensional /C-lattice can be described by the composite map = s'^ (s/ o p) 



K/O- 



K/O- 



(4.11) 



■K/{sfdr\K) 



^Kj/d Akj/O ^ AKj/Sfd 



{As,s^{sf o p)) passes to the quotient 



where p is an clement in O. By construction the map (p, s) 
O x^, {A*j^/K*) and the above shows that it gives a bijection with the space of 1-dimensional K- 
lattices. 

□ 



Notice that, even though A and O are not isomorphic as O-modules, on the quotients we have 
K/h. ~ K/O as O-modules, with the isomorphism realized by s/ in the diagram (4.11). 

Proposition 4.7. Let A'j^ = Akj x C* be the subset of adeles of K with nontrivial archimedean 
component. The map Q{p,s) = ps, 

(4.12) Q:dx^,{A*j^/K*)^A-j^/K*, 

preserves commensurability and induces an identification of the set of commensurability classes of 
1-dimensional K-lattices (not up to scale) with the space A'^^/K*. 

Proof. The map is well defined, because ps is invariant imder the action (p, s) i— > (x^^ p, xs) of x G O* . 
It is clearly surjective. It remains to show that two if-lattices have the same image if and only if they 
are in the same commensurability class. First we show that we can reduce to the case of principal 
fC-lattices, without changing the value of the map O. Given a if-lattice (A,(/)), we write A = AJ, 
where J C O is an ideal, hence A = A(s/0 fl K), where A = s'^ G C* and s/ G O fl A^j. Then 
(A, ^) is commensurate to the principal ii'-lattice (AO, (^). If (p, s) is the pair associated to (A, 0), 
with s = {sf, Soc) as above, then the corresponding pair (p', s') for (AO, (j)) is given by p' = sjp and 
s' = (1, Soo)- Thus, we have 0(A, (f)) = 0(AO, (()). We can then reduce to proving the statement in the 
case of principal /C-lattices {s^O,s^p). In this case, the equality SooP = ks'^p', for k G K*, means 
that we have Soo = ks'^ and p = kp'. In turn, this is the relation of commensurability for principal 
JC-lattices. 

□ 



Thus, we obtain, for 1-dimensional iiT-lattices, the following Lemma as an immediate corollary, 
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Lemma 4.8. The map defined as T : (A, (^) i-^ p € O/K* for principal K -lattices extends to an 
identification, given by T : {A,(f)) i— > Sf p G Akj/K*, of the set of commensurability classes of 
1-dimensional K-lattices up to scaling with the quotient 

(4.13) O/K* = Akj/K*. 

The above quotient K^j/K* has a description in terms of elhptic curves, analogous to what we 
explained in the case of the GL2-system. In fact, we can associate to (A, 0) the data {E,r}) of 
an elliptic curve E = C/A with complex multiplication (4.8), such that the embedding K ^ C 
determined by this identification and by the action of End(i?) on the tangent space of E at the origin 
is the embedding specified by t (c/. [23] p. 28, [29] §5.1), and an Ax,/-homomorphism 

(4.14) T] : Akj ^ A(^o^Kj, 
The composite map 

Akj ^ a (8)0 Akj ^ Akj, 

determines an element Sf p G ^kj- The set of equivalence classes of data {E, t, rf), where equivalence 
is given by an isogeny of the elliptic curve compatible with the other data, is the quotient Akj/K*. 

This generalizes to the non-invertible case the analogous result for invertible 1-dimensional iiT-lattices 
(data {E, l, rj), with 77 an isomorphism realized by an element p G j) treated in [23], where the set 
of equivalence classes is given by the ideles class group of the imaginary quadratic field, 

(4.15) 1k/K* = GU{K)\GU{Akj) = Ck/Dk. 



Algebras of coordinates. 

We now describe the noncommutative algebra of coordinates of the space of commensurability classes 
of 1-dimensional if -lattices up to scaling. 

To this purpose, we first consider the groupoid IZk of the equivalence relation of commensurability on 

1-dimensional if-lattices (not up to scaling). By construction, this groupoid is a subgroupoid of the 
groupoid TZ of commensurability classes of 2-dimensional Q-lattices. Its structure as a locally compact 
etale groupoid is inherited from this embedding. 

The groupoid TZk corresponds to the quotient A'j^/K*. Its C*-algebra is given up to Morita equiva- 
lence by the crossed product 

(4.16) Co{Ak) X K*. 

The case of commensurability classes of 1-dimensional /T-lattices up to scaling is more delicate. In 
fact. Lemma 4.8 describes set theoretically the space of commensurability classes of 1-dimensional 
JiT-lattices up to scaling as the quotient Akj/K*. This has a noncommutative algebra of coordinates, 
which is the crossed product 

(4.17) Co{Akj/0*) >^ K*/0*. 

As we are going to show below, this is Morita equivalent to the noncommutative algebra Ak = C* [Gk) 
obtained by taking the quotient by scaling Gk = Ti-K / C* of the groupoid of the equivalence relation 
of commensurability. 

Proposition 4.9. The quotient Gk = TZk/C* is a groupoid. 

Proof. The simplest way to check this is to write TZk as the union of the two groupoids TZk = GqUGi 
corresponding respectively to pairs of commensurable ii'-lattices {L,L') with L = (A, 0),L' = (A',0) 
and (L, L') with L = (A, </> ^ 0), L' = (A', cj)' ^ 0). The scaling action of C* on Go is the identity on 
O* and the corresponding action of C*/0* is free on the units of Gq. Thus the quotient Gq/C* is a 
groupoid. Similarly the action of C* on Gi is free on the units of Gi and the quotient Gi/C* is a 
groupoid. □ 
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The quotient topology turns Gk into a locally compact etale groupoid. The algebra of coordinates 
Ak = C*{Gk) is described equivalently by restricting the convolution product of the algebra of TZk 
to weight zero functions with C*-compact support and then passing to the C* completion, as in the 
GL2-case. In other words the algebra Ak of the CM system is the convolution algebra of weight zero 
functions on the groupoid 1Zk of the equivalence relation of commensurability on ii'-lattices. 

Let us compare the setting of (4.17) i.e. the groupoid Ax.f/O* xi K* /O* with the groupoid Gk- In 
fact, the difference between these two settings can be seen by looking at the case of /^-lattices with 
(l) = 0. In the first case, this corresponds to the point G Akj/O*, which has stabilizer K*/0*, hence 
we obtain the group C*-algebra of K* /O*. In the other case, the corresponding groupoid is obtained 
as a quotient by C* of the groupoid TZka of pairs of commensurable O-modules (finitely generated of 
rank one) in C. In this case the units of the groupoid 'R.k,o/'C* can be identified with the elements of 
01(0) and the reduced groupoid by any of these units is the group K*/0*. The general result below 
gives the Morita equivalence in general. 

Proposition 4.10. Let 7i be the spaee of pairs up to scaling ((A, (/>), (A', (/)')) of commensurable 
K-lattices, with (A, 0) principal. The space 7i is defined analogously with (A', <p') principal. The 
corresponding bimodules give a Morita equivalence between the algebras Cq{Kkj /O*) xi K* /O* and 
Ak = C*{Gk). 

Proof. The correspondence given by these bimodules has the effect of reducing to the principal case. 
In that case the groupoid of the equivalence relation (not up to scaling) is given by the crossed product 
XI K*. When taking the quotient by C* we then obtain the groupoid Akj/O* xi K*/0*. 

□ 

Recall that the C*-algebra for the GL2-system is not unital, the reason being that the space of 2- 
dimensional Q-lattices up to scaling is noncompact, due to the presence of the modulus ^ e H of 
the lattice. When restricting to 1-dimensional if-lattices up to scaling, this parameter z affects only 
finitely many values, corresponding to representatives A = Z + of the classes in Cl{0). In fact one 
has. 

Lemma 4.11. The algebra Ak is unital. 

Proof. The set of units of Gk is the quotient ofO x^, {A*j^/K*) by the action of C*. This gives 
the compact space 

(4.18) X = g''^^ =dx^,iA*j,j/K*). 

Notice that A*j^j/{K* x O*) is Q\{0). Since the set of units is compact the convolution algebra is 
unital. 

□ 

By restriction from the GL2-system, there is a homomorphism n from the groupoid TZk to IR^j. given 
by the covolume of a commensurable pair of ii'-lattices. More precisely given such a pair (L, L') = 
((A, 0), (A', (/.')) we let 

(4.19) \L/L'\ = covolume(A')/covolume(A) 

This is invariant under scaling both lattices, so it is defined on Gk = 1Zk/^* ■ Up to scale, we can 
identify the lattices in a commensurable pair with ideals in O. The covolume is then given by the 
ratio of the norms. This defines a time evolution on the algebra Ak by 

(4.20) at{f){L,L') = \L/L'Y'f{L,L'). 

We construct representations for the algebra Ak- For an etale groupoid Gk, every unit y G 

defines a representation tTj, by left convolution of the algebra of Gk in the Hilbert space Tiy = 
^^{{GK)y), where {GK)y is the set of elements with source y. The representations corresponding to 
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points that have a nontrivial automorphism group will no longer be irreducible. As in the GL2-case, 
this defines the norm on Ak as 

(4.21) 11/11= sup ||7r,(/)||. 

y 

Notice that, unlike in the case of the GL2-system, we arc dealing here with amenable groupoids, hence 
the distinction between the maximal and the reduced C*-algcbra does not arise. 

Lemma 4.12. (1) Given an invertible K-lattice (A, 0), the map 

(4.22) (A', (t)')^J = {xe 0\xA' C A} 

gives a bijection of the set of K -lattices commensurable to (A, 0) with the set of ideals in O. 

(2) Invertible K-lattices define positive energy representations. 

(3) The partition function is the Dedekind zeta function. 

Proof. (1) As in Theorem 1.26 of [9] in the GL2-case, we use the fact (Lemma 1.27 of [9]) that, if A 
is an invertible 2-dimcnsional Q-latticc and A' is commensurable to A, then A C A'. The map above 
is well defined, since J C O is an ideal. Moreover, J A' = A, since O is a Dedekind domain. The map 
is injective, since J determines A' as the O-module {a; e C|xJ C A} and the corresponding (f) and (f)' 
agree. This also shows that the map is surjective. We then use the notation 

(4.23) J-i(A,</,) = (A',0). 

(2) For an invertible if-lattice, the above gives an identification of {GK)y with the set J of ideals 
J C O. The covolume is then given by the norm. The corresponding Hamiltonian is of the form 

(4.24) H€j = logn{J) €j. 

(3) The partition function of the CM system is then given by the Dedekind zeta function 

(4.25) Z{P)= Yl n(J)-^ = CK(/3). 

J ideal in o 

□ 

We give a more explicit description of the action L i— > J~^L on ii'-lattices, which will be useful later. 

Proposition 4.13. Let L = {A,<j>) be a K-lattices and J C O an ideal. If L is represented by a pair 
(p. s), then J^^L is represented by the commensurable pair {sjp, Sj^s), where sj is a finite idele such 
that J = sjd n K. 

Proof. The pair {sjp,Sj^s) defines an element in (!) x^. K*j^/K*. In fact, first notice that sj is in 
fact in n A|^ j, hence the product sjp e O. It is well defined modulo O*, and by direct inspection 
one sees that the class it defines in O x^. K*j^/K* is that of J~^L. By Proposition 4.7 the i^-lattice 
{sjp, Sj^s) lies in the same commensurability class, since 6(p, s) = ps = @{sjp, Sj^s). 

□ 



Symmetries. 

We shall now adapt the discussion of symmetries of the GL(2) system to if-lattices, adopting a 
contravariant notation instead of the covariant one used in [9] . 

Proposition 4.14. The semigroup OnAJ^ ^ acts on the algebra Ak by endomorphisms. The subgroup 
O* acts by automorphisms. The subsemigroup acts by inner endomorphisms. 



KMS AND CM 



21 



(4.26) e,(/)((A,</.),(A',<A')) = 



Proof. Given an ideal J C O, consider the set of if- lattices (A, (p) such that (f> is well defined modulo 
J A. We say, in this case, that the if-lattice (A, (p) is divisible by J. The above condition gives a closed 
and open subset of the set of X-latticcs up to scaling. We denote by ej € Ak the corresponding 
idempotent. Let s G O fl A|f Let J = sO n K. Given a commensurable pair (A, (p) and (A', </>'), let 

/((A, s~V)) (A', s~V')) both iiT-lattices are divisible by J 

otherwise. 

The formula (4.26) defines an endomorphism of Ak with range the algebra reduced by ej. It is, in 
fact, an isomorphism with the reduced algebra. Clearly, if s G O* the above defines an automorphism. 
If s e , the endomorphism (4.26) is inner. In fact, for s G , let fis € Ak be given by 

f 1 A = .s-iA' and 6' = 6 

(4.27) M«((A,</.), (A', </,'))= ^ ^ . 

otherwise. 

Then the range of /Zg is the projection ej, where J is the principal ideal generated by s. Then we have 

e^if) = Us f f^*s, vs€0^ 

□ 

The action of symmetries O fl ^ is compatible with the time evolution, 

0,at=ates, Vs e on AJfj, e M. 
The isometries /is are eigenvectors of the time evolution, namely 

ati^is) = n(s)'* ^is- 

Thus, we can pass to the corresponding group of symmetries, modulo inner, which is given by the 
idele class group A'^j/K*, which is identified, by the class field theory isomorphism, with the Galois 
group GaliK^yK). ' 

This shows that we have an action of the idele class group on the set of extremal KMS/j states of the 
CM system. The action of the subgroup O* JO* is by automorphisms, while the action of the quotient 
group C1(0) is by endomorphisms, as we expected according to diagram (4.4). 

In order to compute the value of KMS states on the projection ej associated to an ideal J of the ring 
O of integers {i.e. the characteristic function of the set of JC- lattices divisible by J) we introduce an 
isometry fij G Ak such that its range is ej. This isometry is simply given with our notations by 

r 1 A = J-^A' and (p' = cj) 

(4.28) nj{{A,cP),{A',^')) = \ . 

otherwise. 

which is similar to equation (4.27) and reduces to that one when J is principal (generated by s). 
Thus this would seem to imply that it is not only the subsemigroup that acts by inner but in 
fact a bigger one using the isometries fij G Ak- To see what happens one needs to compare the 
endomorphism / — > HjfUj with the endomorphism 6s- In the first case one gets the following formula 

/((J A, (p), (J A', (p')) both /^-lattices are divisible by J 

otherwise. 



(4.29) /xj/M}((A,<^),(A',0')) 



while in the second case it is given by formula (4.26) i.e. 

/((A, s~'^(p), (A', s~^(p')) both ii'-lattices are divisible by J 
otherwise. 



(4.30) 0,(/)((A,<A),(A',0')) = 



Thus the key point is that the scaling is only allowed by elements of K* and the scaling relation 
between the lattices (s A, (j)) and (A, s~^(p) holds only for s G K* but not for ideles. Thus even though 
the fxj always exist (for any ideal) they implement the endomorphism 6s only in the principal case. 
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Comparison with other systems. 

It is also useful to see explicitly the relation of the algebra Ak of the CM system to the algebras 
previously considered in generalizations of the Bost-Connes results, especially those of [4], [14], and 
[18]. This will explain why the algebra Ak contains exactly the amount of extra information to allow 
for the full explict class field theory to appear. 

The partition function of the system considered in [14] agrees with the Dedekind zeta function only 
in the case of class nimiber one. A different system, which has partition function the Dedekind zeta 
function in all cases, was introduced in [4]. Our system also has as partition function the Dedekind 
zeta function, independently of class number. It however differs from the system of [4]. In fact, in 
the latter, which is a semigroup crossed product, the natural quotient of the C*-algcbra obtained by 
specializing at the fixed point of the semigroup is the group ring of an extension of the class group 
01(0) by K* /O*, while in our case, when specializing similarly to the JC-lattices with (j) = 0,we obtain 
an algebra Morita equivalent to the group ring of K*/0*. Thus, the two systems are not naturally 
Morita equivalent. 

The system considered in [18] is analyzed there only under the hypothesis of class number one. It can 
be recovered from our system, which has no restrictions on class number, by reduction to those K- 
lattices that are principal. Thus, the system of [18] is Morita equivalent to our system (c/. Proposition 
4.10). 

Notice, moreover, that the crossed product algebra C{0) x considered in some generalizations of 
the BO system is more similar to the "determinant part" of the GL2-system (c/. Section 1.7 of [9]), 
namely to the algebra C(M2(Z)) xi M^{Z), than to the full GL2-system. 

5. KMS STATES AND CLASS FIELD THEORY FOR IMAGINARY QUADRATIC FIELDS 

The relation between the OM and the GL2-system provides us with a choice of an arithmetic subalgebra 
Ak,q of Ak- This is obtained by restricting elements of ^2,Q to the C*-quotient Gk of the subgroupoid 
TZk C 7?.2. Notice that, for the OM system, Ak,q is a subalgebra of Ak, not just a subalgebra of 
unbounded multipliers as in the GL2-system, because of the fact that Ak is unital. 

We are now ready to state the main result on the OM case. The following theorem will be proved in 
various steps in this section. 

Theorem 5.1. Consider the system {AK,(^t) described in the previous section. The extremal KMS 
states of this system satisfy: 

• In the range < /3 < 1 there is a unique KMS state. 

• For /? > 1, extremal KMSp states are parameterized by invertible K-lattices, 

(5.1) £0 ~ K<j/K* 

with a free and transitive action of the idele class group of K as symmetries. 

• In this range, the extremal KMSfj state associated to an invertible K -lattice L = (A, (j)) is of 
the form 

(5.2) ^/3,l(/)=Ck(/3)-^ E f{J-'L,J-'L)n{J)-^', 

J ideal in o 

where Cif(/?) is the Dedekind zeta function, and J~^L defined as in (4.23). 

• The set of extremal KMS^a states (as weak limits of KMSfj states) is still given by (5.1). 

• The extremal KMS^o states <^cx>,l of the CM system, evaluated on the arithmetic subalgebra 

Ak,q, take values in K""^ . The class field theory isomorphism (2.8) intertwines the action of 
A'^j/K* by symmetries of the system {AK,(^t) o-nd the action of Gal{K°-'' /K) on the image 
of Ak,q under the extremal KMSoo states, 

(5.3) ao^^^L = V^,Loe-\a), Wa G Ga\{K'''' /K). 
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The proof of this statement is given in the foUowing subsections. 

Notice that the result stated above is substantially different from the GL2-system. This is not sur- 
prising, as the following general fact illustrates. Given an ctalc groupoid Q and a full subgroupoid 
G' C G , let p he a. homomorphism p : G ^ K+. The inclusion G' C G gives a correspondence between 
the C*-algebras associated to G' and G, compatible with the time evolution associated to p and its 
restriction to G' ■ The following simple example, however, shows that, in general, the KMS states for 
the G' system do not map to KMS states for the G system. We let G be the groupoid with units G^°^ 
given by an infinite countable set, and morphisms given by all pairs of units. Consider a finite subset 
of 5^°) and let G' be the reduced groupoid. Finally, lot p be trivial. Clearly, the G' system admits a 
KMS state for all temperatures given by the trace, while, since there is no tracial state on the compact 
operators, the G system has no KMS states. 

KMS states at low temperature. 

The partition function Zk{(3) of (4.25) converges for /? > 1. We have also seen in the previous section 
that invertible ii'-lattices L = (A, c6) determine positive energy representations of Ak on the Hilbert 
space H = (^{J) where J is the set of ideals of O. Thus, the formula 

(^A\ .n (f\ Tr(7r4/)exp(-/3g)) 

defines an extremal KMS/j state, with the Hamiltonian H of (4.24). These states are of the form 
(5.2). It is not hard to sec that distinct elements in Akj/K* define distinct states ipfjx- 
This shows that we have an injection of Akj/K* C f/j. We need to show that, conversely, every 
extremal KMS/? state is of the form (5.2). 

In order to prove the second and third statements of Theorem 5.1 we shall proceed in two steps. 
The first shows (Proposition 5.4 below) that KMS/3 states are given by measures on the space X 
of ii'-lattices (up to scaling). The second shows that when /? > 1 this measure is carried by the 
commcnsurability classes of invertible X-latticcs. 

We first describe the elements 7 € Gk such that 5(7) ~ r(7) i.e. 7 = (L, L') G TZk such that the classes 
of L and L' modulo scaling are the same elements of X = . Modulo scaling we can assume that 
the lattice A c K and since L and L' are commensurable it follows that A' c K. Then by hypothesis 
there exists A G C* such that XL = L'. One has A € K* and (t>' = Xcf) but by commcnsurability of the 
pair one also has (j)' = (j) modulo A + A'. Writing A = | with a, 5 G O we get a(j) = b4> and A = 1 unless 
(f) = 0. We thus get, with p the projection from /T-lattices to their class p{L) e X modulo scaling, 

Lemma 5.2. Let 7 = (L, L') € TZk with p{L) = p{L') e X. Then either L = L' or cp ^ cj)' = 0. 

We let F be the finite closed subset of X given by the set of /T-Iattices up to scaling such that = 0. 
Its cardinality is the class number of K. The groupoid Gk is the union Gk = GqUGi of the reduced 

groupoids hy F G X and its complement. 

Lemma 5.3. Let 7 € Gi\G'i \ There exists a neighborhood V of j in Gk such that 

r{V)n.s{V) = 
where r and s are the range and source maps of Gk ■ 

Proof. Let 7 be the class modulo scaling of the commensurable pair {L,L'). By Lemma 5.2 one has 
p{L) 7^ p{L') e X. If the classes of A and A' in Kq{0) are different one just takes V so that all elements 
71 = (Li,L'i) e V are in the corresponding classes which ensures riy) fl siy) = 0. Otherwise there 
exists \£ K* such that A' = A A and since A' ^ A one has X^O*. One has 0' = 7^ 0. Thus one is 

reduced to showing that given p G O, /? 7^ 0, and A G K* , X ^ O* there exists a neighborhood W of p 
in O such that XW H 0*W = 0. This follows using a place v such that py 7^ 0, one has Xpy ^ 0*py 
and the same holds in a suitable neighborhood. □ 



We can now prove the following. 
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Proposition 5.4. Let P > and tp aKMSjj state on {AK,<yt)- Then there exists a probability measure 
IJ. on X such that 

ip{f)= [ f{L,L)dti{L), y/GAK. 
Jx 

Proof. It is enough to show that (p{f) = provided / is a continuous function with compact support 
on Gk with support disjoint from G^'. Let /i„ € C{X), < /i„ < 1 with support disjoint from F 
and converging pointwise to 1 in the complement of F. Let u„ G Ak be supported by the diagonal 
and given by hn there. 

The formula 

(5.5) $(/)(A,A'):=/((A,0),(A',0))) V/ G 

defines a homomorphism of {AK,<yt) to the C* dynamical system {C*{Go),at) obtained by special- 
ization to pairs of isT-lattices with </> = as in [9] . 

Since there are unitary eigenvectors for at for non trivial eigenvalues in the system (C*(Go), at) it has 
no non-zero KMS/3 positive functional. This shows that the pushforward of by i> vanishes and by 
Proposition 5 of [9] that, with the notation introduced above, 

<^(/) = lim (p{f * Un) . 

n 

Thus, since (/ * u„)(7) = /(7) hn{s{j)), we can assume that f{j) = unless 5(7) e C, where C C X 
is a compact subset disjoint from F. Let L E C and V as in lemma 5.3 and let h G Cc{V). Then, 
upon applying the KMS/3 condition to the pair a, b with a = f and b supported by the diagonal and 
equal to h there. One gets (p{b * /) = (p{f * b). One has (6 * /)(7) = h{r{'y)) /(7). Applying this to 
f * b instead of / and using h{r{'y)) h{s{'y)) = , V7 e we get (p{f * 6^) = and = 0, using 
a partition of unity. □ 

Lemma 5.5. Let ip be a KMSp state on {AK,(^t)- Then, for any ideal J C O one has 

V{ej) = n{J)-^ . 
Proof. For each ideal J we let fjLj G Ak be given as above by (4.28) 

'' 1 A = J-^A' and 6' = ch 



/zj((A,</.), (A', </.')) 



otherwise. 



One has <Tt{n,j) = n( J)'* /ijVt G R while n*j fij = 1 and fij n*j = ej thus the answer follows from the 
KMS condition. □ 

Given Proposition 4.6 above, we make the following definition. 

Definition 5.6. A K -lattice is quasi-invertible if the p in Proposition 4-6 is in O (1 ^kj. 
Then we have the following result. 

Lemma 5.7. (1) A K-lattice {A,(j)) that is divisible by only finitely many ideals is either quasi- 
invertible. or there is a finite place v such that (f>y = 0. 
(2) A quasi-invertible K-lattice is commensurable to a unique invertible K-lattice. 

Proof. Let {p,s) be associated to the iT- lattice (A, 0) as in Proposition 4.6. If p ^ ^*kJ' ^^^^ either 
there exists a place v such that /9„ = 0, or ^ for all v and there exists infinitely many places w 
such that ^ Ow, where 0^ is the local ring at w. This shows that the ii'-lattice is divisible by 
infinitely many ideals. For the second statement, if we have p G A]^ j, we can write it as a product 
p = s'^p' where p' = 1 and = p. The -ft'-lattice obtained this way is commensurable to the given 
one by Proposition 4.7 and is invertible. 

□ 
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Let US now complete the proof of the second and third statements of Theorem 5.1. Let ip he a KMS^ 
state. Proposition 5.4 shows that there is a probability measure /U on X such that 



^(/)= / f{L,L)dfi{L), yfeAK. 
Jx 



With L = (A, (j)) G X, Lemma 5.5 shows that the probability ip{ej) that an ideal J divides L is 
n{J)~'^. Since the series X^n(J)~'' converges for /3 > 1, it follows (c/. [27] Thm. 1.41) that, for almost 

all L G X, L is only divisible by a finite mimbcr of ideals. Notice that the KMS condition implies 
that the measure defined above gives measure zero to the set of /^-lattices (A, </>) such that (/'^ = for 
some finite place v. 

By the first part of Lemma 5.7, the measure /i gives measure one to quasi-invcrtiblc /^-lattices. (Notice 
that these iC-lattices form a Borel subset which is not closed.) Then, by the second part of Lemma 5.7, 
the KMS^ condition shows that the measure n is entirely determined by its restriction to invertible 
ii'-lattices, so that, for some probability measure u, 



It follows that the Choquet simplex of extremal KMS^ states is the space of probability measures on 
the compact space of invertible ii'-lattices modulo scaling and its extreme points are the 1^/3,1,. □ 

The action of the symmetry group 1k/K* on Ef) is then free and transitive. In fact, recall that (Lemma 
1.28 [9]) the action of GL2'(Q) on 2-dimensional Q-lattices has as its only fixed points the Q-lattices 

(A, (f)) with = 0. 

The action is given explicitly, for L = (A, (f) an invertible i^T-latticc and for s G O* /O* C Ik/K*, by 

(5.6) {^0,L o eM = Zk{(3)-^ /((■^"'^' ^"V), (^"'A, s-V)) n{J)-^ = V'/3,(A,.-0)(/), 

More generally, for s e O fl let Js = sOf\ K, one then has, 

{^p,L o eM = ZM-' Ejej OsimiJ-'^ <!>), ( J-'A, 0)) n( J)-/' 

(5.7) = Z^(/3)-iEj3j./((^-'A,s-V),(J-'A,s-V)) n(J)-'^ 

= ZKiP)-' Ejej fiJ^'Ls, J-'Ls) n(J Js)-^' = n( J,)-'^ ^^,l,(/), 

where Lg is the invertible i^-lattice {J^^A,s^^4>). To prove the last equality one uses the basic 
property of Dedekind rings that any ideal J D Jg can be written as a product J = J' Jg- 

KMS states at zero temperature and Galois action. 

The weak limits as /3 — > 00 of states in 8/3 define states in Eqq of the form 

(5.8) ^^,L{f) = f{L,L). 

Some care is needed in defining the action of the symmetry group Kkj /K* on extremal states at 
zero temperature. In fact, as it happens also in the GL2-case, for an invertible if-lattice evaluating 
Voo,L on 9s (/) does not give a nontrivial action in the case of endomorphisms. However, there is a 
nontrivial action induced on £00 by the action on £13 for finite /? and it is obtained as 

(5.9) e,(^oo,L)(/) = lim {W(3{^oo,l) o e,) (/), 
where Wjj is the "warm up" map (2.7). This gives 

(5.10) Qsi^ocx) = ^^,L,- 

Thus the action of the symmetry group Ik / K* is given by 

(5.11) L = (A, 0) ^ = {J;^K, s-^cj)) , Vs G Ik/K* . 
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When we evaluate states (poo,L on elements / G Ak.q of the arithmetic subalgebra we obtain 

(5.12) f{L,L)^g{L), 

where the function g is the lattice function of weight obtained as the restriction of / to the diagonal. 

By construction of Ak.q, one obtains in this way all the evaluations / f{z) of elements of the 
modular field F on the finitely many modules z G H of the classes of K-lattices. 
The modular functions f & F that are defined at r define a subring B oi F. The theory of complex 
multiplication (c/. [29]) shows that the subfield F,- C C generated by the values /(r), for f G B, is 
the maximal abelian extension of K (we have fixed an embedding K c C), 

(5.13) Fr = K"^. 

Moreover, the action of a € G3l{K°'^ / K) on the values f{z) is given by 

(5.14) a/(z)-/^«^«"(")(z). 

In this formula the notation f ^ P denotes the action of an element 7 G Aut(F) on the elements 
f G F, the map 6 is the class field theory isomorphism (2.8), q^- is the embedding of ^ in GL2(A) 
and a is as in the diagram with exact rows 

1 > K* GLi(Akj) — ^ GaliK'^yK) > 1 

(5.15) 

1 ^ Q* ^ GL2(A/) — ^ Aut(F) ^ 1. 

Thus, when we act by an element a G Gal{K°-^ / K) on the values on AK,q of an extremal KMSqo 
state we have 

(5-16) a Voo,l(/) = 'Poo,Ls{f) 

where s = e-'^{a) G Ik/K*. 

This corresponds to the result of Theorem 1.39 of [9] for the case of 2-dimensional Q-lattices (see 
equations (1.130) and following in [9]) with the slight nuance that we used there a covariant notation 
for the Galois action rather than the traditional contravariant one f ^ P ■ 



Uniqueness of high temperature KMS state. 

The proof follows along the line of [25]. We first discuss uniqueness. By Proposition 5.4, one obtains 
a measure /i on the space X of Jl'-lattices up to scale. As in Lemma 5.5, this measure fulfills the 
quasi-invariance condition 

(5.17) / ^lJf^x*J dii = n{J)-^ [ fdfi, 

Jx Jx 

for all ideals J, where jij is as in (4.28). To prove miiqueness of such a measure, for /? G (0,1], 

one proceeds in the same way as in [25], reducing the whole argument to an explicit formula for the 

orthogonal projection P from L^{X, dfj) to the subspace of functions invariant under the semigroup 

action 

(5.18) L={A,(P)^ J-^L, 

which preserves commensiirability. As in [25], one can obtain such formula as a weak limit of the 
orthogonal projections Pa associated to finite sets A of non-archimedean places. 
Let j4 be a finite set of non-archimedean places. Let Ja be the subsemigroup of the semigroup J of 
ideals, generated by the prime ideals in A. Any element J G Ja can be uniquely written as a product 

(5.19) J=llJ"'^' 
where J„ is the prime ideal associated to the place v G A. 
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Lemma 5.8. Let L = (A, (p) be a K -lattice such that 4>v ¥^ ^ for all v £ A. Let J G Ja, J = Wv^A "^v" 
be the smallest ideal dividing L. Let (p, s) e x^, A*p./K* be the pair associated to L. Then, for 
each V G A, the valuation of py is equal to Uy . 

Proof. Let {p, s) be as above, and be the valuation of py . Then it is enough to show that an ideal 
J divides L if and only if J is of the form (5.19), with Uy < my. The map </> is the composite of 
multiplication by p and an isomorphism, as in the diagram (4.11), hence the divisibility is determined 
by the valuations of □ 



Definition 5.9. With A as above we shall say that a K-lattice L = (A, (j)) is A-invertible iff the 
valuation of py is equal to zero far all v G A. 

We now define basic test functions associated to a Hecke Grossencharakter. Given such a character 
X, the restriction of x to O* only depends on the projection on Og^ = YlveB ^tn fo'' finite set 
of non-archimedean places. Let _B be a finite set of non-archimedean places B D B^. We consider the 
function / = fB,x on O x^,. A*j^/K*, which is obtained as follows. For (p, s) G O x^, A'^/K*, we 
let / = unless py G O* for all v G B, while f{p, s) = x{p'^)i for ^^Y p' € ^* such that p'y = py for 
all V G B. This is well defined, since the ambiguity in the choice of p' does not affect the value of Xi 
since B^ C B. The function obtained this way is continuous. 

Let H{B) be the subspace of L'^{X,dp,) of functions that only depend on s and on the projection of 
p on Ob- Let us consider the map that assigns to a ii'-lattice L the smallest ideal J G Jb dividing 
L, extended by zero if some = 0. By Lemma 5.8, the value of this map only depends on the 
projection oi p on Ob- By construction the corresponding projections Eb,j give a partition of unity 
on the Hilbert space H{B). Note that Esfi = 0, since the measure p gives measure zero to the set of 
if -lattices with (by = for some v. 

Let Vjf{L) = f{J^^L) implementing the semigroup action (5.18). For J G Jb, the operator 
n(J)~^/^V'j maps isometrically the range of Eb,o to the range of Eb,j- 

Lemma 5.10. The functions VjfB,x span a dense subspace of H{B). 

Proof. It is sufficient to prove that the fB,x form a dense subspace of the range of Eb,o- The image 
of O* in 0% X A*j^/K* by the map u i— > {u, u ^) is a closed normal subgroup. We let O*^ x^^, A'^/K* 
be the quotient. This is a locally compact group. The quotient Gb by the connected component 
of identity Dk in A*j^/K* is a compact group. Then C{Gb) is identified with a dense subspace of 
the range of Eb,o- The characters of Gb are the Grossencharakters % that vanish on the connected 
component of identity and such that B-^ C B. Thus, by Fourier transform, we obtain the density 
result. □ 

Let ^ be a finite set of non-archimedean places, and J7k as above. Let Ha be the subspace of 
functions constant on Xi-orbits, and let Pa be the corresponding orthogonal projection. The Pa 
converge weakly to P. 

Proposition 5.11. Let A D B be finite sets of non-archimedean places. Let L be an A-invertible 
K-lattice, and f G H{B), the restriction of PAf to the JA-orbit of L is constant and given by the 

formula 

(5.20) PAf\j.L = UAP)-^ E ^-f)'" /(•^"'^)' 

where (:KAP)=T.jej.<J)~^- 

Proof. By construction, the right hand side of the formula (5.20) defines an element /a in HAf\H{A). 
One checks, using the quasi-invariance condition (5.17) on the measure p, that {fA,g) = {f,9) for all 
g G Ha, as in [25]. □ 
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Let L be an invertible i^-lattice and x ^ Grossencharakter vanishing on the connected component 
of identity Dk- We define x(^) as x(ps), for any representative (p, s) of L. This continues to make 
sense when L is an ^-invertible ii'-lattice and Ad B-^ taking x{p's) where p' G O* and = p„ for 
all V € A. 

Finally we recall that to a Grossencharakter x vanishing on the connected component of identity Dk 

one associates a Dirichlet character x defined for ideals J in J'b^, where is the complement of B^. 
More precisely, given J E Jb^, ^ct sj be an idclc such that J = .sj O (1 K and {sj)y = 1 for all places 
V € B^. One then define x{ J) to be the value xi^j)- This is independent of the choice of such sj. 

Proposition 5.12. Let A D B D B^ and L an A-invertible K-lattice. The projection Pa of (5.20) 
applied to the function fs^x 5*^6* 

(5.21) PAfB,Aj.L = ^^^ n{J)-^x{Jr'- 

Proof. Among ideals in J a, those that have nontrivial components on B do not contribute to the sum 
(5.20) computing PAfB,x\jAL- It remains to show that fB,x{J~^^) = x{L)x{J)~'^ i for J G Ja\b- 
Let J = sjOCiK and (sj)^ = 1 for all places v £ B. Let L be given by {p, s), we have J~^L given by 
{psj,ssj^) using Proposition 4.13. Thus, for any choice of p' G O* with p'^ = {psj)v for all f € B 
one has fB,x{J~^L) = xip'ssj^) — x{p' s)x{J)~'^ ■ Note that {sj)v = 1 for all places v £ B thus the 
choice of p' is governed by p'^, = pv for all w € B. Since L is ^-invertible and A D B D Bx we get 
xip's) = x(L) for a suitable choice of p' . □ 

It then follows as in [25] that PAfB,x tend weakly to zero for x nontrivial. The same argument gives 
an explicit formula for the measure, obtained as a limit of the P^/b,i, for the trivial character. In 
particular, the restriction of the measure to Gs is proportional to the Haar measure. Positivity is 
ensured by the fact that we are taking a projective limit of positive measures. This completes the 
proof of existence and uniqueness of the KMS^ state for f3 e (0, 1] . 

Open Questions. 

Theorem 5.1 shows the existence of a C*-dynamical system {Ak, <^t) with all the required properties 
for the interpretation of the class field theory isomorphism in the CM case in the framework of 
fabulous states. There is however still one key feature of the BC-system that needs to be obtained in 
this framework. It is the presentation of the arithmetic subalgebra Ak,q in terms of generators and 
relations. This should be obtained along the lines of [9] Section 6, Lemma 15 and Proposition 15, 
and Section 9 Proposition 41. These suggest that the relations will have coefficients in the Hilbert 
modular field. 

We only handled in this paper the CM-case i.e. imaginary quadratic fields, but many of the notions we 
introduced such as that of a i^-latticc should be extended to arbitrary number fields K. Note in that 
respect that Proposition 4.7 indicates clearly that in general the space of commensurability classes of 
JC-lattices should be identical to the space Ak/K* of Adele classes introduced in [7] for the spectral 
realization of zeros of L- functions, with the slight nuance of non-zero archimedan component. The 
scaling group which is used to pass from the above "dual system" to the analogue of the BC system 
is given in the case ii" = Q by the group M.*^ and in the case of imaginary quadratic fields by the 
multiplicative group C*. It is thus natural to expect in general that it will be given by the connected 
component of identity Dk in the group Ck of idele classes. 
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